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Pricing the Default Risk on the Principle of Zero-Utility:

Perturbation Method Approximations

Abstract

Tibiletti (2006) uses the zero utility principle to develop insight into the market for
default risk. Using general utility functions and a first-order Taylor series
approximation to the price of default she develops a shortcut way for the default risk
price for both the bargaining counter-parties. If higher order Taylor expansion is
carried out, the results are not so simple and the same groups do not appear in both
solutions. We suggest a different approach, based on perturbation theory to extend and
generalize the results. Initially we assume that the probability of default is known, as
Tibiletti did. The results for the seller’s price of default involve the same groupings of
variables found in the original paper, but higher orders of risk aversion parameters
also appear in higher order approximations. Then assumption that the probabilities of
insolvency are known by the parties can be relaxed. Since the relations are linear in
these probabilities the result is that the probability of insolvency may be replaced by
its expected value. Higher moments of the distribution do not enter the determination
of the price of default at which the parties are indifferent between undertaking a
transaction and foregoing it.



Pricing the Default Risk on the Principle of Zero-Utility:

Perturbation Method Approximations

1. Introduction

Tibiletti (2006) uses the zero utility principle to develop insight into the market for
default risk. The expected utility of both buyer and seller are developed under the
assumption that the expectation needs to be taken only over the possible outcomes of
the transaction. The price of default risk for the two counter-parties is determined to
terms of order one in the probability of default and a necessary condition for a fruitful
bargaining is then developed.

To extend the results, we investigate two variations of that approach. The first is to
use the perturbation method® to find higher order approximations, retaining the
hypothesis that the probability of default is given. In this context the solution for the
price of default of each counter party is assumed to have a Taylor series expansion
and the approximations are carried out uniformly in powers of the probability of
default. The factors of the Taylor series are obtained by demanding that the coefficient
of each power of the probability of default be zero, as must be the case if equality of
the two sides is to be preserved. The main advantage in using the perturbation method
is that it ensures that both sides of the equation are expanded uniformly in the small
parameter, and leads to recursive solutions for the coefficients of successive powers of
the small parameter, something that is not achieved by simple Taylor series expansion.

We show that »™ order approximation of the risk premium can be expressed by the
indices till the n™ degree coefficient of risk aversion, where the 2" degree coefficient
is the coefficient of absolute risk aversion, the third is the absolute coefficient of
prudence, the fourth is that of temperance, and so on.

At second step we adapt the results to situations in which the expected utility reflects
the uncertainty in the estimates of the probability of default as well as the uncertainty
in the outcome of the transaction. Thus we deal with the unconditional expected utility,
including the sources of uncertainty in real problems, rather than the more limited
conditional expectation which assumes that estimated probabilities of insolvency are
known with no uncertainty. Because of the linearity of the relations in the probability

! See, for example, Bellman, 1966, Cole, 1968.



of default the results are simply to replace the value of these probabilities by its
expected value.

The paper is organized as follows. In Section 2 the Tibiletti (2006) results are briefly
reviewed. Section 3 presents the perturbation method solutions to both the seller and
buyer in the case the probabilities of default are assumed to be known. In Section 4
sensitivity analysis on how uncertainty in the parameters affects the basic equations.
Concluding remarks and further research are provided in Section 5.

2. Tibiletti’s Findings

In line with the seminal paper of La Valle (1968) and according to classical definitions
(Buhlmann, 1970, Gerber, 1979 among others) Tibiletti set out the condition of
zero-utility principle from the both counter-parties:

”(Wo —Z (P))= (1_p)’4(wo)+p“(wo _W) (1)
where  u(w) is the seller’s utility function,

W, is the seller’s initial wealth,

w is the loss of wealth in the event of default,

P is the seller’s estimate of the probability of default, and

z.(p) istheseller’s price of default.

And that of the buyer as:

v(xo)z (l_Q)V(xo t2z, (Q))qv(xo —w+tz, (Q)) 2
where  v(x) s the buyer’s utility function,

X, is the buyer’s initial wealth,

q is the buyer’s estimate of the probability of default, and

z,(q) is the buyer’s price of default.

Using Taylor series approximations to order one in the probability of default:

z,(p)=pz, (0), +o(p) =z, O)p (3)



z,(q) = pz, (0), +0o(q) = z; (0)q @)

She finds that

()=t =) alg) )l =) ©

u'(wo -z, (p)) P= u'(wo) u(wo)

z,(p) ="

and

() =l =) | _ o) vloa) = vlxg =) ©)

%{P)= “'(xo +z, (P)) ! v'(xo) v(xo)

Both of these are characterized as the product of three factors:

u(x,) Mj

e The “fear of ruin”? coefficient at the initial wealth ( ,( )or
u'(x,

e The fractional utility variation if default occurs

[u(wo)—u(wo — ), ) =l - W>], and

”(Wo) V(xo)
e The estimate of the probability of default(p or ¢).
Note that in these derivations the approximation of order (p or q) is made by

neglecting the price of default. This becomes necessary because the right and left
hand sides of the original equations are expanded to different levels of approximation.

2 This terminology is due to Aumann and Kurz (1977) in their seminal paper on taxation. They refer to

the reciprocal of the fear of ruin as “absolute boldness.”
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3. Solutions Using a Perturbation Method

The problems described above are troubling. A more detailed analysis shows that the
uneven expansion is not important in the seller’s equation but is important in the
buyer’s equation, if we take an approximation to the first order in the probability of
default as adequate. Perturbation methods provide a way of achieving this and ensure
that the solutions are consistent with the assumptions to the level of approximation
chosen.

In applying the perturbation method we begin with an equation in which one of the
parameters, say A, is small. Each side of the equation is then expanded into a Taylor
series in the small parameter. Assuming that both series converge, it follows from the
linear independence of the set A, i=12,.. that the coefficients of each power of
the small parameter on the two sides must be equal. Using this principle we can
recover as many coefficients as we need. As usual the higher the order of derivation,
the more cumbersome the calculations. We just carry out the expansions to the cubic
term in the small parameter so that the equalities will hold to o(p®)oro(q?),
nevertheless higher order approximations can obtained.

3.1 The Seller problem

To start the perturbation method with Equation (1) we assume the probability of
default p estimated by the seller is small.

Expanding u(w, —z, (p)) in a Taylor series in the seller’s price of default® we have:

vy =2, (p)) = ulony )=y . () + " Xz, (). @)

To keep the notation compact we introduce following notation:

i =ulo,)
u® = d“u(r)
e

d*u(t d*u(t
Bug” E( dtk( )J _[ dt"( )j

® This is permissible provided the utility function is continuous in the price of default and its derivatives

with respect to this price are also continuous.



Using this notation in Equation (1) we have:

>0 ul 2 (p) = ul - pAul ©)

k=0

The solution of the form of a Taylor series*:

Zs(p)zzzsipi (10)
i=0

Substituting Equation (10) into Equation (9) we get:

1 2
(0) O] 2 (2) 2
uO _”o (Z.S‘O +Zs1p+Zs2p +"')+Eu0 (Zso +Zslp+Zs2p +)

(11)

1 3
+§ué3) (ZSO +z4p +zs2p2 +) = uéo) —pAuéO)

Since the powers of p are linearly independent it follows that the coefficient of
every power of p on the right hand side of Equation (11) must equal the coefficients
of the corresponding power of p on the left hand side.

We then have the following set of equations to solve to get approximations to the
order of p?:

The coefficient of p° in the n”power of (Z_Yo+zslp+zszp2+...) must be simply

z'y, SO the equation corresponding to this power will be:

’ 1 144 1 nr
”(Wo)_” (Wo )Zso +§u (Wo )Zso2 +§” (Wo )Zso3

1 (d"u(w)} , = u(w;) (12)
+= Z" + o

nll dw”

But the left hand side is the Taylor series expansion of u(w, -z, ), so the equation
simplifies to u(w, —z,,)=u(w, ). This can be true only if z, =0. This accords with

* This is permissible provided the price of risk is continuous in the probability of default and has

continuous derivatives with respect to that parameter.
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intuition, the perturbation method provides the answer without assumptions.

Given that result, it follows that on the left hand side of Equation (11) the only term of
order p* arises from the first power of z (p)= (Zslp +z,pt+ ) so for this power

the equation is:

ul’z,p = pAul’ (13)

This can readily be solved to give:

)l ”
A Uy “'(Wo)

This is the result obtained by Tibiletti.

For the second power of p, we obtain the equation:

- u(()l)ZsZPZ + %MSZ)Zslzpz = O (15)
So that:

1ul® 5, 1 2
ZsZ = szsl = _EIDY (WO)Zsl (16)

where p,(w,) is the seller’s coefficient of absolute risk aversion evaluated at w, .
The third order term is derived analogously and is found to be:

1
(2) 3, 3
Uy ZgZs +§”0 Za

Z =
53 (€3]
Uy

(17)



Denoting the seller’s 4™ degree coefficient of risk aversion by
(k)

™ (w,) = % for k=2,3,..., so the third degree coefficient is the prudence,
u- o

the third order approximation of the seller’s default risk premium may be rewritten:

Zs(p>=“(W°)‘”(W°‘W)p—gpxwo{“(wﬁ;gﬁ:go‘W)p}z

(18)

It is worthwhile to note that the each additional term of the approximation includes
the n™ power of the first-order approximation found by Tibiletti (2006) and depends
on three components: (1) the “fear of ruin”, (2) the utility variation in percent, and (3)
the estimated probability of default. The novelty is that the »™ order of approximation
includes all coefficients of risk aversion up to the »™ degree.

3.2 The Buyer Problem’

We expand Equation (2) in a Taylor series in the buyer’s price of default. Using a
notation analogous to that of Equation (8) we obtain:

|: (0)+V0 Zb(Q)"‘_Vo Zp (Q)"‘_Vés)zhs((])--}

 _
vo =
19
- q{Av(O) + Az, (9) += Av(z)zb2 () + %Avés)zbg’ (q)} (19)
If the solution is assumed to be of the form:
z,(p) =D 24" (20)
i=0

The coefficient of ¢° yields v(x,)= (xo +zbo) which requires that z,, =0, as we

would expect.

® This requires the same continuity conditions as the seller case.
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Using that result, the coefficient of ¢* yields

vél) Zy = Avéo) (21)

So that

A 0) _ _
z, = Vo :V(xo) V(xo W) (22)

vy v'(xo)

Thus to the first order in the probability parameter the price of default risk of the
buyer and seller problems the same form.

The coefficient of ¢* leads to

1 V(Z) AV(l) 1 AV(O) Av(l) AV(O)
Zpo :_[_ ﬁ}zlfl +v(()—f)zb1 = [pr (xO) v(()g) + v(()f) ] vé;))
= . ’ ’ ’
V(%) V(o) v/(x,)

(23)

where p, (x, )is the buyer’s coefficient of absolute risk aversion at x, .

This has a different form from that of the seller and it is clear that for the buyer the
three groups identified by Tibiletti do not always appear together.

The coefficient of ¢° leads to the equation:

(2) (€N (2)
| N Avg N Avy”
Zp3 = ZpZh2 Zn

z
v él) v (()1) b2 v él) ”
1 AP . AP (1 AP, AP, @9
=Py (Wo 5P (Wo )+ o PFnt—a | 5P (Wo )+ o Pnt o Zn
2 Vo Ve \ 2 Vo Vo

Once again, the three Tibiletti groups do not appear together. The risk aversion
coefficient and the coefficient of prudence enter the relation with the second and third
order of the estimated probability of default.



4. Accounting for Uncertainty in the Probability Estimates

The development given above is purely academic in the sense that it assumes the two
actors make estimates but have no uncertainty about the estimates. Estimates,
however, are uncertain by definition. To reflect this fact we need to obtain
expectations not only over the outcome of the transaction but over the uncertainty in
the parameters. The problem requires careful specification of what probability is
being assessed and for what purpose.

Two points of view could be sustained. One, to which we will refer as “subjective
assessment” is that each counter-party aims to estimate its own probability of default
and the zero utility cost of default corresponding to that probability. The second one,
to which we will refer as “objective assessment”, is that each counter-party aims to
assess the market’s assessment of the probability of default and the zero-utility
corresponding to market’s assessment.

4.1 “Subjective Assessment”

If the seller’s subjective estimate of the probability of default is uncertain, and the
outcome is independent of the error of estimation, then the seller’s equation should be
modified to reflect this. The conditional expectation theorem® provides a useful tool
in this context. It leads directly to the relation:

wO Sz J.[ wO + pu - w }1F (25)

= (L—E[p]) u(wy )+ E[pYu(w, —w)

where the prefix £ emphasizes that price of risk reflects the fact that effect of errors in
the subjective estimate of the probability of insolvency is included. In this case we
re-define the right hand side to reflect the expected utility given the uncertainty in the
estimate. Note that there is no need to express the price of risk as a function of the
uncertain probability of insolvency. Doing so would imply that the price of risk is set
by the actual probability of insolvency rather than by the seller’s perception of it.

The fact that the right hand side is linear in p results in a very simple relation, the
function ¢z, is a function only of the expected value of p and can be obtained from

6 See, for example, Ross, 2007.



the series for z (p) by replacing the probability by its expected value.

Similarly, the buyer’s equation would become:

v(x0)= [(1_Q)V(xo+szb)+qv(xo Wtz )] dG(q)

(26)
= (1_ E{q})"(xo"'szb )+ E[Q]V(xo - W+EZb)

Once again, the linearity implies that the solution is obtained by replacing the value of
q by E[g] in the solution for the deterministic case.

4.1 “Objective Assessment”
In this case we need to consider the effect of uncertainty in the market’s valuation of
the probability on the price of risk so we need to modify Equation 25 to

p=l

J. ”(Wo_ozs (p))dF(p) = (l_ E[p]) u(Wo)"' E[p]u(wo - W) (27)

p=0

Where the prefix O emphasizes that the uncertainty in the objective assessment in the
estimate is included.

Expanding this we obtain:

T ulwy)—ul? =z lu(z) z? -

pJ0|: ( o) 0 o S(P)+2! o 0z (P) } dF(p) (28)
= (1—E[p]) ”(Wo)+E[p] ”(Wo _W)

p:o {M(WO)—uél)(ozso+ozslp+...)+%uéz)(ozm+ozslp++...)2 —} dF (p) (29)

= (1~ E[p]) u(wy )+ E[plulw, —w)
The terms independent of p on the left hand side equal u(w,—,z,,) and those on the
right they equal u(w,) which again leads to the conclusion that ,z (0)=,z,, =0.
For the higher order terms we are left with:
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1 2
) 2 (2) 2
pl | — Uy (OZs1p+OZS2p +---)+_”o (OZs1p+OZS2p +)

|
1 23 1 4 dF(p)
p=0 —.guéa’)(ozslerOzszpz +) +Eu(§4)(ozﬂp+oz_§2p2 +.o)
(30)
= —E[p](u(wo)— ”(Wo - W))
—uél)(0Zle[p]—i-OzSzE[pz]+OZS3E[p3]+OZS4E[p4] + )
1
+ 5“62) (ozszlE[PZ] +2,2y onzE[ps] + (ozfz +2,24 0%, )E[p4] + )
1
- .gués) (0 ZflE[p3] +3025210252E[p4] + )+
(31)

= —E[p](u(w0 )— u(wO - w))

If we can use the same rationale as in the deterministic case and equate the
coefficients of the expected value of corresponding powers of p, then we have:

(“(Wo )_ “(Wo - W)) (32)

0%a = u'(WO) =Zg

which leads to the same first order term as the deterministic case.
For the second power we get
o) 1 o 2
— U onz"'E“o 0Zg =0 (33)
which leads to the result:

1wl o, 1

2 —
0%52 = 2!@251 __Eps (WO)Zsl =Zg (34)

And the third power leads to

1
()] (2) 3,3 _
Uy gZg T UG ZgZ _-guo z,=0 (35)
which gives:
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1
(2) 3, 3
Uy Zslzsz"'j“o Zg

3

@
Uy

0%s3 =

(36)

1 1 ug
=[—p<wo> s ]p<wo>zsf=zss

2 CAu?
While the coefficients have the same form that they did before, the form of the cost
function is quite different:

_”(Wo)_”(wo_w) 1 W ”(Wo)_”(WO_W)Z 2
07, (p)= prom Epl-5 p.( o){ prom }E[p]

TS| B P

)by =) > (wo){”(w" )‘(vfw) ‘W)} (2 (92 + 22 ()

u I(Wo )
_B 0.+ 02 (0 )}{(W)‘(w‘w)} (142 (P)+ 381, (Pt (p)+ 45 ()

u ’(Wo )

@37)

=Zaky (P)+Zs2ﬂ12 (P)"'Zss/lf (P)+ .tz 4y (P) +3z 5441 (P) 1, (P) + ..

+ 25k (D) + ..

Thus we may need approximations well beyond the third to get an accurate
representation, especially so if the expected value is small but higher moments are not
small. It is also clear that if the variance is of the order of the square of the expected
value the first order term in the variance is of the same order of magnitude as the term
in the second order of the expected value.

Similarly, the buyer’s Equation 26 would become:
vxg)= | (=g W(xo+o2, @)+ gvlxg —w+2,(9))] dG(g) (38)

When expanded, this becomes:
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1
1 1
_[ [V(gO) +Vél)ozb(Q)+2|Vc()2)OZbZ(Q)+yvés)osz(Q)--}dG(Q)
Voo = 1 1 1 (39)
om0 S+ 2. i

q=0

And expanding ,z,(g) into its Taylor series we find:

1
(0) (1) 2 (2) 2
Voo V% (()Zb0+02b1q+()zb2q +---)+EV0 (()Zb0+02b1q+()zb2q +)2

’ dG(q)

1
~ @) 2
o q=0 +§Vo (()Zb0+()zblq+02b2q to) (40)

1 2
1 AVSO) + AV(()D (0 Zb0+ozb1q+ozbzq2 + )+ 5 AVéZ) (0 ZbO+OZblq+OZb2q2 + )
-[q 1 ' dG(q)
- +§AVéS)(ozbo+ozb1q+oszq3+---)2---

This again leads to exactly the same relations as the deterministic case, but with the
expected value of the K" power of the probability rather than the £ power probability
itself. As in the case of the seller, the series reduces to an infinite series in powers of
the expected value plus infinite series in powers of the variance, third central moment
and so on. More than three terms may be required to get good approximations
especially if the distribution of the estimate is antimodal, that is, is highly
concentrated in the neighborhoods of zero and one, since in that case the higher
central moments are of the same order of magnitude as the expected.

5. Discussion

The simple perturbation method used in this paper leads readily to the estimation of
the polynomial coefficients in the uniform expansion of the price of default risk for
the seller and the buyer.

When the probability of default is assumed to be given, the perturbation solution for
the seller’s price of default risk preserves, at least to terms of order three, the structure
that Tibiletti (2006) found, in the sense that her three factors appear together. In
general, the »™ order term of the default price can be expressed as a function of risk
aversion coefficients up to the n™ degree. Under the same conditions the buyer’s price
of default does not preserve the same three groups beyond the first term; the
coefficients of risk aversion, prudence, temperance, and so on enter is somewhat more
complicated ways.

13



The fact that the relations between utility before the transaction and utility after the
transaction are both linear in the probability of default leads to a simple solution in the
event that the probability represents an estimate rather than a certain value. In both
cases we obtain the same series development but is uncertainty us involved we need
to use the expected value of the probability of default, as seen from the point of view
of the decision maker, in the place of the deterministic value. The higher moments of
the estimate do not play a role in the price at which bargaining would be fruitful.
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